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The centrality dependence of elliptic flow and how it is
related to the physics of expansion of the system created in
high energy nuclear collisions is discussed. Since in the hy-
dro limit elliptic flow is proportional to the elliptic anisotropy
of the overlapping region of the colliding nuclei, and in the
low density limit to the product of the elliptic anisotropy and
the multiplicity, we argue that the centrality dependence of
elliptic flow should be a good indicator of the degree of equili-
bration reached in the reaction. Then we analyze experimen-
tal data obtained at AGS and SPS energies. The observed
dierence in the centrality dependence of elliptic flow could
imply a change from hadronic to partonic degrees of freedom.
Finally we exploit the multiplicity dependence of elliptic flow
to make qualitative predictions for RHIC and LHC.
Henning Heiselberg wrote:
The goal of the ultrarelativistic nuclear collision pro-
gram is the creation of the QGP { quark-gluon plasma
{ the state of deconned quarks and gluons. It is under-
stood that such a state requires (local) thermalization
of the system brought about by many rescatterings per
particle during the system evolution. It is not clear when
and if such a dynamical thermalization can really occur.
An understanding of these phenomena can be achieved
by considering elliptic flow [1] recently studied at AGS [2]
and SPS [3] energies. It will be shown how the strength
of elliptic flow, v2, dened as the second coecient in the
Fourier decomposition of the particle azimuthal distribu-
tion [4], is a strong indicator of the degree of equilibration
(thermalization) achieved in the system.
To discuss the centrality dependence of v2 we start
from the hypothesis that the system is not dense and
its evolution can be described by the rst correction to
the collisionless limit [5]. Physically this means that
the rescattering occurring during the system evolution
changes the particle momenta very little on the average
and the corresponding change in the distribution func-
tions can be treated in rst order as perturbations. This
excludes the limit of dynamical thermalization which is
an assumption of hydro models. We believe the low den-
sity limit is the case valid at AGS and SPS energies,
possibly also at RHIC, but probably not at LHC (see dis-
cussion below). Under this assumption the nal elliptic
flow, v2, is proportional to the initial overlapping region
elliptic anisotropy, ε, (introduced in flow analyses in [1]
and in its present form in [5,6]) and to the initial particle
space density which denes the probability of particles
to rescatter [5].
The initial geometry of the overlapping zone can be
evaluated in a simple Glauber type model with a Woods-
Saxon nuclear density. The results are weakly dependent
on the weights used [7]. What is important is that if one
wants to compare dierent energies, e.g. AGS, SPS and
RHIC, the nuclear geometry cancels out, and only the
dependence on multiplicity is left. This is true provided
that the \physics" of rescattering stays the same. If the
physics changes then the scaling with multiplicity will be
violated. This is a very important point if one reads it
the other way around: if scaling is not observed then the
physics has changed.
Under the assumption that the system is relatively di-
lute, the spectra distortion is directly proportional to the
number of rescatterings, that is to the particle density in
the transverse plane. In this limit the nal elliptic flow
(see a more detailed formula in [5])





where S = piRxRy is the area of the overlapping zone,
with R2x  hx2i and R2y  hy2i being the initial geometri-
cal sizes of the system in x and y directions, respectively.
(The x-z axes lie in the reaction plane). The averages in-
clude a weighting with the number of collisions along the






In our calculation we use a Woods-Saxon parameteri-
zation of the nuclear density with parameters RA =
1.12  A1/3, and a = 0.547 fm. More information on the
eect of dierent weights and the values of R2x, R
2
y, S and
ε as a function of impact parameter can be found in [7].
The proportionality coecient in Eq. (1) is dened by the
\physics" of the rescattering. If the physics is the same
in central and peripheral collisions then Eq. (1) yields the
centrality dependence of v2.
As follows from Eq. (1) the elliptic flow increases with
the particle density. Eventually it will saturate [8] at
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the hydro limit, which would mean complete thermaliza-
tion of the system. In this regime the centrality depen-
dence of elliptic flow is mainly determined by the initial
elliptic anisotropy of the overlapping zone in the trans-
verse plane [8], and the ratio of the two should be ap-
proximately constant as shown in the rst such calcu-
lations done by Ollitrault [1]. From his results it fol-
lows that (v2/ε)hydro  0.27 − 0.35, depending on the
equation of state used (with or without QGP)1. The cal-
culations [9] give a somewhat smaller flow, resulting in
(v2/ε)hydro  0.21−0.23 (partly due to the realistic treat-
ment of resonances which decrease the pion flow by about
15%).
Before discussing the experimental data we will rst
consider a realistic model. We take RQMD v2.3 [10] for
our calculations. Fig. 1 top shows the comparison of
the directly calculated v2 of pions in Pb+Pb collisions at
158 GeVA collisions at mid-rapidity (−1 < y < 1) with
the expectation from the low density limit, vLDL2 (Eq. (1)
normalized to the same area under the curve). One can
see rather good agreement, which indicates that no new
physics enters as one scans the centrality from periph-
eral to central collisions (which is true in this version of
RQMD). This also means that at all impact parameters
RQMD is near the low density limit. The centrality de-
pendence expected for the hydro limit is shown on the
same plot by a dashed line also normalized to the same
area under the curve (vHY DRO2  0.059ε). Note the large
dierence between the two curves, which was not noted
in [5]. Fig. 1 bottom shows that the ratio of v2 to the
expected functional form is flat for the low density limit
but not for hydro. A centrality dependence similar to
the low density limit was also observed in [11] where a
computer simulation of a pion gas expansion was studied.
Now let us turn to the experimental data. At AGS en-
ergies the elliptic flow of charged particles and of trans-
verse energy was measured by the E877 Collaboration.
Unfortunately, the publication [2] containing the detailed
pseudorapidity dependence for each centrality lacks a g-
ure showing just the centrality dependence. Our esti-
mates based on their data [2] of charged particle flow at
1To avoid confusion, note the dierence in denitions of ε
used in this paper and αx from [1]. For Pb+Pb collisions the
maximal value of ε  0.44 compared to α  0.3.. Then, the
results [1] yield v
{p2t}




elliptic flow weighted with p2t . Recent calculations [9] show
that the particle elliptic flow is related to this quantity as





















FIG. 1. Top: comparison of elliptic flow, v2, for pions from
RQMD ver. 2.3 (lled circles) with the dependence expected
for the low-density limit (solid line) and that expected for the






The data indicate that at AGS the flow peaks at mid-
centrality2, consistent with the low density limit predic-
tion and no change in physics with centrality. At this en-
ergy some decrease of elliptic flow in peripheral collisions
can be also attributed to shadowing by spectator matter.
At SPS [13], preliminary data indicate that the elliptic
flow peak moves towards peripheral collisions. This fact
itself would hint at the hydro-dynamical picture of the
system evolution. A more detailed look at the data shows
that this is unlikely. First, the maximal value of elliptic
flow (v2  0.04) is signicantly less than predicted by hy-
dro calculations [1,9] (about 0.09{0.1). In [9] agreement
2A similar centrality dependence of transverse energy flow
(from the same data [2]) can be found in the thesis of
Chang [12].
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was claimed between hydro and the NA49 mid-central
data [3] leading to their conclusion of complete equili-
bration. However, this comparison was done for pt < 0.3
GeV/c and it could be that the pt dependence of v2 in
the hydro model does not agree with experiment. In the
hydro limit elliptic flow should depend only on the ini-
tial space elliptic anisotropy, ε. The preliminary NA49
data indicate that the ratio v2/ε, at least for semi-central
collisions, is likely increasing with centrality [13]. This
centrality dependence (natural for the low density limit)











FIG. 2. Elliptic flow at the AGS (open circles) and the SPS
(lled squares).
One can argue that, taking into account systematic
uncertainties, the preliminary SPS data for v2/ε are con-
sistent with being constant as a function of centrality. In
this case it would indeed mean that the system has equi-
librated and the hydro regime has been reached. The low
absolute strength of the elliptic flow in this case would
indicate that the equilibration happens at a rather late
time when the spatial anisotropy ε has decreased due to
initial \free streaming". We do not exclude this possibil-
ity but must wait for the nal SPS data and the coming
RHIC data to answer the question. In the mean time let
us come back to the other interesting possibility, that at
SPS the hydro limit is not reached.
Assuming that at SPS we are in the low density limit,
the observed centrality dependence of elliptic flow would
indicate that the physics of rescattering is dierent in
central and peripheral collisions. A natural explanation
for this would be that peripheral collisions are described
by hadronic scattering while in central collisions partonic
(re)scattering becomes important.
Summarizing, the following picture emerges: at AGS
energies, the physics of rescattering which denes the sys-
tem evolution is hadronic in nature, while at SPS it is
the same for peripheral collisions, but for central colli-
sions the physics is likely to be partonic. The partonic
picture will remain at RHIC energies, with some exten-
sion toward more peripheral collisions. At RHIC equi-
libration becomes more important, but it is not clear if
complete thermalization will be reached. At LHC en-
ergies the parton densities could become so high that
(partonic) rescattering would lead to dynamical equili-
bration of the (partonic) system (creation of regions of
real QGP) and consequently to a hydro-dynamical type
of system evolution.
The above picture implies that the shape of the cen-
trality dependence of elliptic flow would change contin-
uously with beam energy. At the AGS, the elliptic flow
is peaked at an impact parameter value slightly higher
than RA, while at SPS energies the peak moves toward
more peripheral collisions because the physics of central
collisions could have changed from hadronic to partonic
which leads to weaker flow than one would expect taking
into account the increased multiplicity. If thermaliza-
tion is not reached at RHIC, elliptic flow will peak once
more at mid-central collisions because the physics of the
peripheral and central collisions will be the same { par-
tonic rescattering. At even higher energies at LHC, the
elliptic flow should peak at more peripheral collisions just
as predicted by hydrodynamic calculations.
The schematic overall picture based on these observa-
tions is presented in Fig. 3, where the ratio of elliptic
flow to the initial space elliptic anisotropy is presented
as a function of initial particle density.3 In this plot
we use the experimental charged particle multiplicity, as-
suming that it is proportional to the total particle mul-
tiplicity and also to the initial particle multiplicity. For
the experimental values we use dNch/dy at mid-rapidity
from [14,15].
In the limit of very low density the objects which
3Many things shown in this plot have large uncertainties.
The hydro limits can depend slightly on the initial particle
density [1,9] and, more importantly, on the time of thermal-
ization of the system. The values shown are an average of
the results of [1,9]. The predictions for the case without QGP
are only for the EoS of a massless pion gas. Resonances can
soften the EoS and lead to weaker flow. The uncertainty
in the experimental points is mainly in the determination of
the collision centrality required for calculation of the initial
space elliptic anisotropy and the area of the overlapping re-
gion. The data points correspond to the centrality determined
from the fraction of the total cross section corresponding to
each centrality bin. Higher centralities were estimated from
experimental measurement of the number of participants [14].
Finally, the smooth dashed curves are just schematic illustra-
tions for hadronic and partonic scenarios and the solid curve
includes a transition between the two.
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rescatter must be hadrons. At some critical density a
partial deconnement happens. Parton density becomes
high enough such that the color charge can freely move
in the perpendicular plane. Each parton is always close
enough to other partons which screen its color4. Once
the motion in the perpendicular plane becomes easier,
the elliptic flow decreases. Note that the system still can
be far from being dynamically thermalized, which would
occur only at even higher particle densities. Even more
important such a signicant change in the behavior of
v2/ε only can happen if the system is not thermalized.
See also the discussion of this question in [6,9] along with
the discussion of the possibility of observation of the QGP
















FIG. 3. Elliptic flow divided by the initial space elliptic
anisotropy at the AGS (open circles) and the SPS (lled
squares). The shaded area shows the uncertainty in the SPS
experimental data due to the uncertainty in the centrality de-
termination. See text and footnote for the description of the
curves and hydro limits.
To prove or disapprove the picture described above one
needs more accurate data on the centrality dependence of
elliptic flow. We would like to emphasize the importance
of flow measurements not only at medium impact param-
eters but in the full range of centrality including rather
central collisions where the anisotropic flow is small. The
measurement of elliptic flow and its centrality depen-
dence at RHIC thus becomes very important. Dierent
models predict dierent rapidity densities for RHIC and
LHC. Assuming that they are higher than at SPS by fac-
tors of 2 and 8, respectively, we have indicated the regions
expected in Fig. 3. The new SPS data taken at 40 GeVA
energy are also of great interest since they should scan
4This picture is very close to the parton percolation model
discussed by Satz [16] for J/Ψ suppression.
the \hadronic-to-partonic" transition region.
Note that our picture of nuclear collisions and QGP
production is dierent from what is usually discussed,
which assumes thermal equilibrium even at rather low
beam energies, when QGP is not expected, and then with
an increase in collision energy, formation of regions of
QGP. We believe that what could happen is that the de-
connement can occur before dynamical thermalization
is achieved [17] and that the centrality dependence of el-
liptic flow would be a good indicator of this. It would
be interesting to investigate other consequences of this
picture. For example, it should result in a specic depen-
dence of HBT radii on particle transverse momenta [18].
We are grateful to J.-Y. Ollitrault, U. Heinz, H. Heisel-
berg, G. Cooper, P. Seyboth, R. Snellings, H. Sorge, and
H.G. Ritter for useful discussions.
This work was supported by the Director, Oce of
Energy Research, Oce of High Energy and Nuclear
Physics, Division of Nuclear Physics of the U.S. Depart-
ment of Energy under Contract DE-AC03-76SF00098.
[1] J.-Y. Ollitrault, Phys. Rev. D 46, 229 (1992).
[2] E877 Collaboration, J. Barrette et al., Phys. Rev. C 55
(1997) 1420.
[3] NA49 Collaboration, H. Appelsha¨user et al., Phys. Rev.
Lett. 80, 4136 (1998).
[4] S. Voloshin and Y. Zhang, Z. Phys. C 70, 665 (1996);
A.M. Poskanzer and S.A. Voloshin, Phys. Rev. C 58,
1671 (1998).
[5] H. Heiselberg and A.-M. Levy, Phys. Rev. C 59, 2716
(1999).
[6] H. Sorge, Phys. Rev. Lett. 82, 2048 (1999).
[7] P. Jacobs and G. Cooper, STAR Note SN402 (1999);
http://www.star.bnl.gov/STAR/sno/sno.html
[8] J.-Y. Ollitrault, Nucl. Phys. A638, 195c (1998) ; J.-Y.
Ollitrault, talk at QM99, Torino, 1999.
[9] P. Kolb, J. Sollfrank, U. Heinz, preprint nucl-th/9906003
(1999), Phys. Letters B in press.
[10] H. Sorge, Phys. Rev. C 52, 3291 (1995).
[11] P. Filip, Acta Physica Slovaca, 47, 53 (1997).
[12] W.-C. Chang, PhD thesis, SUNY Stony Brook, 1998;
http://www-aix.gsi.de/~misko/e877/theses/theses.html
[13] A.M. Poskanzer and S.A. Voloshin for the NA49 Col-
laboration, talk at QM99, Torino, 1999. The data pre-
sented are integrated over rapidity but the values at mid-
rapidity are nearly the same.
[14] G. Cooper for the NA49 Collaboration, talk at QM99,
Torino, 1999.
[15] E877 Collaboration, J. Barrette et al., Phys. Rev. C 51
(1995) 3309.
[16] H. Satz, talk at QM99, Torino, 1999.
[17] R. Stock, hep-ph/9905277, submitted to Phys. Lett. B.
[18] S. Voloshin, in preparation.
4
